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1.  «*£**,*a®*«  **#  ®o3h*&« 

the  results  of  studies  ®&  the  ifeoory  of  wjstin&l  yrofoooo® 
being  conducted  within  tko  frs®e^#rJs  of  L*®*  Boa t ryofis* s  ;• 
seminar  on  oscillation  *»d  automatic  control  theory*  fh# 
final  stage  in  these  aiodio*  ooaototod  i*  the  i®*oof  mi  t&# 
general  maximum  principle  t#*«>  ficiHf  tSw»  mocosoory  mm~  ) 

■  ditios  satisfied  by  easy  ®4&*riktO«  Of  the  felXowtftflr  eptSssoft  : 
problem.  _  i 

let  the  vector  fwaotiosi  3KmsS>  t’4tf"^3R#ik3;«oo  *  g^Cr^o I 1 
in  variables  x  and  «  tte  #0tov*iao£l  ocm^tlHMNse'  &v«?  os#’; 

direct  product  »  s€:S%  a®#  £14  *&#?•  2^*  is  tl^ 

n-dimenoional  phase  *p*c8>«  Of  til#  fW&lofS^  -4V  i#  Ml  MMt* 
rary  Hattsdorff  topO&OgtOi*.  .•**•*  #t  fMiJUl  tr«sJt«#H®  t»*.  tie 
control  parameter  m?  is*  otfMtltftott  to  tl£l«  it  i»  that 

that  function*-  fi(s^»|%  I  *  *»*  omti«M«oly  differ¬ 

ent  1  able  at  all  pedLmto  <*,«)  dMUMl  coordinate*  of  root#® 

1  2  ”  (s  MM»X  )< 

The  equation  mi  aoftos  of  %Sk«  ptusoo  poisrt  *  fea@  tin 

form 

st  *  fOMk>* 

Two  points  £  ^  and  ^  |  or#  taStea  in  tfV  13M>  teslt  is  *»*«<? 


1 


selecting  from  a  clasr®  of  permissible  control  functions 

(for  example,  the  class  of  measurable  limited  or  piecewise 
continuous  controls)  a  function  uCt),  Tj  ^  t  4  T2  and 

T2  arbitrary)  for  which  the  corresponding  locus  x(t) 
of  equation  (1)  connects  points ^  ^  g  and  the  integral 


l(x<t),u<t))  dt  assumes  a  minimum  value. 


At  L(x,u)  5  1*  the  problem  stated  above  becomes  an 
optimum-rate  problem  (1,4). 

In  this  case,  the  Maximum  Principle  is  formulated 
in  the  following  manner. 


If  x(t),  t-j^t^tg  is  the  rate-optimal  locus  ©f  equa¬ 
tion  (1),  and  u(t),  tx-&  t  is  the  oorresponting  optimal 

control,  then  there  will  be  a  continuous,  non-vanishing 
covariant  vector  function  tj^t^tg 

such  that  the  following  Hamiltonian  system  will  hold  on  the 
interval  t^t^tgJ 


** 


-  ^  H 

mm  imm*  f 


fi 


,1s 

<>** 


H(x(t) ,^Ct),  u<t>)  »  M(x(t), f  <t>)  *  const ^  0,  <2> 

where  the  Hamiltonian  H(x,  Sp  ,u)  «  ^  *£ <x,u)  f^'CXjU), 

K<x,^>  =  su^  HCx,  >^,u>.  I 


The  space  of  possible  values  iV  for  the  control  para¬ 
meter  can,  in  one  instance,  be  the  closed  domain  of  an  r- 
dimensional  linear  space.  The  set  of' 'possible  values  for  • 
the  phase  point  x,  moreover,  must  correspond  with  the  entire 
Xn  space;  in  the  contrary  case,  the  Maximum  Principle  ceases 
to  hold  true.  However,  tie  case  wherein  the  met  Of"  - 

possible  phase  point  values  comprises*  closed  region  Xs 
with  piecewise  smooth' bounds  ham- extremely  important  appli¬ 
cations* 

The  present  brief  paper  contains  a  formulation  of 
the  results  obtained  by  the  author  on  optimum-rate  processes 
with  bounded  phase  coordinates  as  part  of  his  work  in  L*S. 
Pontryagin’s  seminar.  For  the  sake  of  simplicity,  the  case 
examined  here  is  one  for  which  the  region  of  possible  phase 
point  values  has  smooth  bounds.  The  case  of  the  pieeewise- 
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t  r  e  a  1'.  c  d  i  n  a  n  a  j  n.  a.  1  o 


iui  ana  r  e 


■ -  e 


cent  in u  $ 3 u a  b o u  1  > o 5  3 
transition  iron  the  particular  case  Ojran ned  in  the;  pres  ant 
to  the  roneral  integral  minimization  probloa  is  similar  to 
the  transition  in  the  problem  treated  in  (5,6), 

*i#  Let  ft  be  a  bounded 

region  i'*  the  r~d:i*;;enr.  ional  linear  space  Er3u  «  Cu*,  ,  «  ,  #ur)  , 

•  poeaxied  by  a  sycten  of  inequalities  Cu)  4-0.  i  -  1  #  B, 

all 


e;.:  of.  inequal  i  t  i  es  q*  Cu)  <-  0  ,  i 
i he  class  of  permissible  controls  consists 


paeoe wise-continuous ,  piecewise -smooth  vector  functions 
u(t)  =  (uA(t),,,,M«r(t))  with  f  ir.v.  t -order  discontinuities 


ic-toniined  on  an  arbitrary  interval 


•ci  W 


t  <•. 


and  with 


at  any  instant  in  time.  In  the  phase  space  X 


valuer,  in 

o  the  j-  o i  n u  1 i. o o.  p r o b  1  em,  let  t h e i* e  b e  g i  von  a  close c.  region 
u  wit  a  smooth  bounda  determined  by  .the  inequality  gCx1*  *  *  #x" ) 
h( «'  )  -  0  ?  lv ^ - *  *  r c  L h -  t uftetio n  a {  5; )  h a s  cont  1  nu o « 0  ?> a r  t 1  a  1 

1  v a t  i v o 5  in  z h e  r e g 5. o n  of  t  h 0  bou ndary  g < x )  r~  0  and 


the  vector  grad  g(x)  -  <i  g/; 
not  rro  to  zei-o# 


■  1 


t.’  I.J 


The 


.motion  o  :.f  m  o  t  j.  o  n 


o 


is  give  a  in  terns  of 
t ial  equal ions : 


ivnero 


i  >  h  a  3  e  r>  o  i  n  t  X 


~  /  5-‘r  1  v 1 

\  j  f  *  •  jt 


ax 


n 


the  following  normal  system  of  differen- 


f  j  (  r ,  u  >  , 


(3) 


■e  vector  function  f (x,u)  =  <f1<sc,u) 
:c te reined  on  the  direct  product 
are  open  sots  in  the  spaces  Xn 


*  w here  G  *  a  nd  \  y  * 
can t a i n  1  n 0:  .  G  a n d  if 


Xn  are 


ana  ii 

i  g c p octivo  1  y  a n cl  cont  j.  n u e- u s  1  y  d if  J.  e r e a t  .1  a. fol  e  therein  ov o t 
a  3.  i.  x  a n c?  u  v  c  e  t  v  r  c  o  c  r  din  a  tes  * 

The,,,Tormulat  ion  ox  the  ljrqbleav  In  phase  space 
given  points  p  ^  and  h.  ^  lying  in  the  closed  region  Gj  it  is 
necessary  to  select  ft  possible  control  such  that  the  phase 
point  moving  alon^  the  locus  of  system  (3)  lying  entirely 
within  the  closed  region  G  will  move  from  position  V|  to 
p  o  s  i  t  i  o  n  V  i  n  t  h  e  n  i  11 1  mum  tiwe, 

;:>et  us  call  this  control  the  op, 1 1  np,  1  cont ro  1  and  the 
car  ros  y>o*nding  locus  t  the  opt  :imal  locus, 

3 #  Opt  1  n a. I  loc  i  o n  t h o  h o xx ndary  o r e p;  1  o n  0  0  L e t  u s 
introduce  the  designations  p(x,u)  «  grad  g(x) » 1 (x#u)  - 
g,  Cx>f:*<x,u)f  and  ?rrd  p(;:,u)  -  pp1,,.*,  In 

order  for  the  locus  ac(t  }  o  the  system  ( 3)  f  ■  corroc  ponding 
to  tiiu  control  u(ti*  t  -  t,:>,  to  lie  on  the  boundary  g(x) 

=  0  of  the  region  G  it  is  necessary  and  sufficient  that 
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p(x(t),u<t)>  8,0,  t04t4t2,  gtx(tl))  a  0. 

Let  us  call  point  x  on  the  boundary  g(x)  =  0  a 
regular  point  relative  to  point  u££V  which  satisfies  the 
conditions 


—  fi^(u)  —  0t  vjj(u)  0t  J  ^  l|,««»)ig  (4) 

if  p(xvu)  «  0  and  vectors  grad  p(x,n),  grad  q±, 
grad  Qis(u)  are  independent*  Let  us  denote  by  means  of  to  (x) 
the  set  of  those  u£-SV  relative  to  which  the  point  x  is  re¬ 
gular,  The  locus  x(t)t  of  system  (3),  corresponding 

to  control  u(t)  and  lying  entirely  on  the  boundary  g(x)  ®  0 
is  to  be  called  regular  if  u(t)  &'j3(x(t)> ,  By  means 

of  Y  =C  *  *  * ,  )  let  us  denote  the  covariant  vector  of 

the  space  Xn*  Let  x  lie  on  the  boundary  g(x)  -  0,  The  upper 
bound  of  the  function  H(x,  W  ,u)  =  ^  *f(x»u)  =  Ip*,  *f  v<x,u>  with 
fixed  x,  *f,u  and  variable  u!>  (x)  will  be  denoted  by  m(x,^)i 
mCx*^  )  =  sup  K(xt4^  ,u)»  (We  shall  be  Interested  only  in 

*6«00 

those  points  x  on  the  boundary  g(x)  »  0  for  which  iO(x)  is 
not  empty). 

If  x  is  a  regular  point  on  the  boundary  g(x>  =  0  r©~ 
latlve  to  u,  where  u  satisfies  the  conditions  (4)  and  H(x»^,u> 

~  then  according  to  the  Lagrange  multiplier  rule, 

grad  H(x,  V,u)  «(J)  4/)  u1,*.,Q)H/^u3f>  =Xgrad  p(x,u)  + 

a 

+  ]>  pjjgrad  qlk<u>*  (5) 
k=i  '  ’  ^ 

The  regular  locus  x(t),  t^-^st^tg  of  system  (3), 
corresponding  to  the  permissible  control  u(t>»  tx<t4t2 
and  lying  entirely  on  the  boundary  g(x)  =  0  of  region  G, 
let  us  designate  by  the  term  extremal  locus s  u(t)  will  then 
be  oalleti  the  corresponding  ejctr^a^l  control  if  there  exists 
a  non-vanishing  continuous  piecewise  smooth  vector  function 
vp(t)  a  (tP i<t ),♦.*■*,  ^Ct)> ,  such  that  the  following 

system  of  equations  is  satisfied  on  the  interval  tx^t^tg* 

„<*,„>  « 0,. .  **  =  -l-B  ,t i  = 

<0> 


where  wctor  is  not  c«Ui80«r  with  the  wtor  i 

grad  g-CxCtj))  and  the  pieeswi.se  smooth  function  Xi(t>'  is  | 
given  at  «a.eh  instant  of  time  by  forauls  (5>*  In  addition 
to  this,  ©Set  renal  tty  also  regal  res  that  for  each  t  in  the  ; 
interval  4,t  4?t&*  the  vector  dV/dt  grad  gCx<t>>  be  directed 
into  the  interior  of  region  0,  or  else  g©  to  sear o* 

It  la  not  difficult  to  prove  that  along  any  eat r snail 
locus  H(x(t )  »v|/  (t),u(t))  *■»<*< s  const  $59* 

Theorem  1,  &ny  rogulo*  optimal  locus  of  system  (3) 
lying  entirely  on  the  boundary  of  region  C?  and  the  c©rroo«i 
ponding  optimal  control  are  extremal, 

4,  Jump  oondlt-leaiL*-  hot  x<tV,  tx4* 4t2.be  *a  optimal 
locus  lying  in  (closed)  region  ©»  let  it  be  regular  in  every 
segment  lying  on  the  boundary  of  the  region*  The  point  ) 

of  the  locus  lying  on  the  boundary  of  tho  region  will  be 
called  a:  junction  point  provided  that  t^T^t2  aai  there 
is  an  £>©  such  that  at  least  one .  of  the  locus  x(t)  segments 
lies  in  the  open  kernel  of  region  8  far  %'^T  or 

jtc  t  ^LT+t  •  fur  the  sake  of  Conor etenesa,  let  us  aesuae 
that  a  portion  of  the  locus  belongs  to  the  op®*?,  kernel  of 
the  region  for  p«**£-  Ct  Let  os  ©all  "p  the  junction  tin©* 

Let  x(T’)  be  the  only  junction  point  of  the  optimal  loeus 
x(t),  t^c.t  «Ct>  is  the  corresponding  optimal  control), 

For  t,  Jet  *£y  ,  a  segment  of  the  locus  lies  in  the  open  kernel 
of  region  «.  In  the  case  whereT”  4  t  <  ta#  the  segment  eitfcbr 
lies  entirely  on  the  boundary  of  the  region  ©r  the  segment 
T is  also  included  in  the  open  kernel  of  the  region: 
and  the^point  sCt)  is  the  only  poist  of  the  locus  lying  on 
the  boundary  of  the  region  (with  the  possible  exception  of 
the  end  points).  ^ 

Consequently,  the  segment  x(i>,  txd£.t  satisfies 

the  Maxinun  Principle  (paragraph  #1).  The  vector  function 
\U  ct)  which  corresponds  to  this  segment  la  ©onfinuoue  os  ; 
the  interval  t^^fi-t  »  and  the  function  H(x(t ) ,  Ct)»  u(t^§  - 
m  const  *  c  >0  for  t„  •£■  t  ^tTi-  The  segment '  of  x(t)  for  rJ“— *  ‘4‘t^ 
likewise  satisfies  either  system  (63  or  (2) ;th©  vector  function 
T£) (t )  corresponding  to  this  oegaent  la  M.ao  continuous  over 
the  segment  T^t  ^  t.^,  and  the  function  H(x(t ),  'f  <t)  ,«<■*') 

=  const  a  e  -^0  for  -^tg* 

We  will  say  that  at  an  isolated  junction  point  x(T  3 
of  the  regular  optimal  trajectory  x(«> ,  t4  t2,  the  jump 

condition  is  satisfied,  provided  that  there  exists  a  .segment 
of  x(t ) ,  tj4t4  t^  such  that  the  interval  t^^t  represent® 


the  maximum  interval  of  the  segment  t^-6  t  which  con- 

tains  the  single  junction  instant  and  the  vector  functions 

t3^t  defined  above;  ^t4  oan  b®  ehosen  *a  «• 

way  such  that  one  of  the  following  pair  of  relationships  is 
satisfied:  > 


Ip  (T  >  -  ^CT )  *  pigrad  g(x(3")>,  c  «  'e;  (7) 

fiT)  -  .^grad  g(x(T)>,  c  *  0,  <8) 

where  ii  is  a  real  number, 

'Theorem  II. Let  the  regular  optimal  locus  lying  in 
the  closed  region  0  contain  a  finite  number  of  Junction 
points.  Then  the  Jump  condition  will  be  satisfied  &t  every 
junction  point. 

5.  General  rule  for  the  determination  of  regular 
optimal  loci.  Combining  the  Maximum  Principle  (paragraph  #1) 
with  theorems  I  and  II,  we  arrive  at  the  fallowing  general 
rule  for  determining  regular  optimal  loci* 

Let  the  optimal  locus  xCt)  lie  entirely  within  the 
closed  region  G»  containing  a  finite  number  of  junction 
points,  and  with  every  segment  Xyihg  on  the  boundary  of  the 
region  regular.  Then  any  segment  of  the  loei:s  lying  entirely 
within  the  open  kernel  of  region  G  (rvith  the  possible  excep¬ 
tion  of  the  end  points)  satisfies  the  maximum  condition 
(paragraph  #1);  any  of  Its  segments  lying  on  the  boundary  of 
region  G  is  an  extremum;  (in  the  sense  of  paragraph  3);  the 
jump  condition  is  satisfied  at  each  Junction  point* 
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